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SUFFICIENT CONDITION THAT TWO LINEAR HOMOGENEOUS 

DIFFERENTIAL EQUATIONS SHALL HAVE 

COMMON INTEGRALS. 



By A. B. PIERCE. 



As a continuation of the preceding paper I propose to prove that the con- 
dition a —0 for all values of x is sufficient in order that two linear homogeneous 
differential equations shall have common integrals. I shall follow a method an- 
alogous to that used for the corresponding problem in the Algebra as given by 
de Comberousse.* Although the problem has been discussed heretofore, by von 
Escherich and Heffter, I believe this method has not been used before. 

Using the theorem that a linear homogeneous differential equation of the 
wth order has n and only n linearly independent integrals, I prove a sufficient 
condition expressed in linear homogeneous differential operators and then prove 
that we can obtain a form of the same character from the above mentioned 
condition. 

Represent a differential operator of order m as follows : 

flm d m ~ l d 

A = a °d^+ a > d^ + - +am - i irx +am > 

and by B, B, 8 similar operators of order n, p, q, respectively. Further, BAy 
shall indicate that we operate upon y with A and then upon the result obtained 
with B; the order of the result will be m+p. 

Lemma : If two linear homogeneous differential operators A and B are such 
that BAy+SBy^O, where p<n, ?<»*, then the differential equations Ay=0 and By 
— have at least one integral in common. 

Let BAy+B8y^0 ; then m-\-p=n+q. 

We will carry out our proof for w— 2, «=3. 

Represent independent integrals of Ay=0 by y a>1 , y afi , and similarly for 
B, B, and 8. Now considering the differential equations 

BAy=0 and 8By=0, 

we know from our hypothesis that all the integrals which satisfy one of them 
must satisfy the other. Then y bA , y 6)2 , y b>3 must satisfy BAy=0, or Ay b>1 , 
Ayb,i , Ay b<3 satisfy the equation By—0 where p£2. 

Since we cannot have more independent integrals of the equation than its 
order, one of the following possibilities must be true ; either 

(1) One or more of the expressions Ay b is zero ; or, 

(2) One is a linear combination of the other two. 

*Algebre Buperieure, Vol. II, Second Edition, Paris, 1887-1890. 



66 

The first case immediately gives us our theorem. In the second case we 
have l^Ay b i-{-l. z Aybi-\-l 3 Ay b3 —0, where l x , l 2 , l a are constants. This, however, 
we may write 

Al,tj b i+Al. 2 y bi +Al i y b3 =A(l,y bl -i-l. i y b2 -\-l 3 y b3 )=0. 

That is, Z, */6i + ^62+^63 is an integral of Ay—0. Since it is also an integral 
of By—0, by hypothesis, our theorem is proved. By similar reasoning we can 
prove the following 

Corollary: Ay=Q, and By=0, have, at least, m—q=n—p independent 
integrals in common. 

Theorem, a equal zero for all values of x is a sufficient condition that Ay=0 
and .Bj/=0 shall have at least one integral in common. 

Here, again, we limit ourselves to the case m=2, n=3, indicating the gen- 
eralization for the general case at the close of the proof. Then 
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We will associate with each column of a a definite derivative of y which 
we will later use as a factor in connection with the elements of that column. 

Starting from the right with the first column, we will use y itself or the 
zero derivative ; with the second column the first derivative, and so on in succes- 
sion, in general with the ftth column, the (7c — 1)st derivative. Let a vanish for 
all values of x. 

We will now divide the proof into two parts and carry each out separately 
although the method used in the second part includes the first as a special case. 

1. All first minors of A not zero. 

2. All first minors of a zero. 

1. Let the last column be one for which the minors are not all zero. 
Then multiplying the last column by y and adding to it all the other columns 
eacn multiplied by its corresponding derivative, and representing these sums by 
the letters A and B with subscripts, we obtain the following equation true for all 
values of x whatever y may be : 
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However, A =Ay, A l ^=- T -Ay, A i =^-Ay, and similarly, B„=By, B t 
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Expanding according to the elements of the last column, and calling the 
corresponding cofactors M and N, respectively, with subscripts in the inverse 
order, we have 

M^Ay+M, l-Ay+M.Ay+N, By + y 9 ~B^0. 

Writing R=M ll j- i +M, ~ + M 2 , and S=N„-j-+N l , we have RAy+SBy=0, where 

p=2 and q=l. 

If the elements of the last columns have their minors zero, we proceed in 
the same way with some other column for which the hypothesis is satisfied. 

2. In this case the matrix obtained by cutting off the first column and the 
first and last rows of a , will vanish, i. e., all the determinants of highest order 
will vanish. 

Assuming that the minor determinants obtained from the elements of the 
first two columns do not all vanish, we will take those determinants of the mat- 
rix which have these two columns for their first two columns, and multiplying 
each by the derivative corresponding to the last column, we will add them all to- 
gether. This gives 
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Adding the first two columns, each multiplied by its corresponding derivative to 
the last column, we may rewrite 
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where the symbols A , A,, B have the same meaning as before. Expanding as 

before, and writing B=M -^- + M it 8=N„, we have BAy-\-SBy^Q. 

The next matrix cannot be zero, because then Ay would have all its coef- 
ficients zero, which gives a trivial case. 
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If the first and second columns do not fulfill the conditions imposed, take 
two which do, and proceed in a similar way. With this, the proof for the case 
m— 2, «=3 is complete. 

For the general case, the proceedure is similar ; we have only to consider 
the possibility of other matrices vanishing. By using the following definition 
and properties, the general proof is quite evident. 

Call first submatrix of a the matrix obtained by cutting off the first col- 
umn and the first and last rows of A ; the second submatrix that obtained from 
the first by the same process ; and so on successively. 

If any submatrix is zero all the preceding submatrices and a itself are 
zero. If A and B are not identical, and neither identically zero, then all the 
submatrices do not vanish. We proceed as in the proof above, with the last one 
which is zero. From this we easily prove the following 

Corollary : If the kth submatrix be the first one, all of whose determinants 
of highest order do not vanish, then Ay—Q, and By=0, have k independent integrals 
in common. 

On this foundation then, we find the number of independent integrals two 
linear homogeneous equations may have in common, and can also find the equa- 
tion satisfied by these common integrals. 

I add the following numerical oases as illustrations of the lemma : 

1.^=0+ (x-a)|r+^-a)|- fl ^, 

B »=2+ <«-•>£-■«* 

i?=(l-* s )^-+*(3-z°), 

Then Ay=0 and By=0, have the common integral y=e ax . 
2 - Ay== d7» + * (1 +x ^ + (1 + x ' +x * > 5T +*<*" + 2)y ' 

B y= d aS+^^ 2x2+1 ^^ xi ^ 

B=x(x-1) *-+(** - z *-2x+l), 

-S=x(x-1) A.+(x*-x'-2z+l-). 
The common integrals of Ay=Q and By—0 are integrals of 



Gmimwald, Germany, January. 190$. 



